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The scaling behavior over four decades of the ratio of temperature T to magnetic field B Quantum critical phenomena in itinerant electron systems that do not follow the conventional spin-fluctuation theory [1] [2] [3] [4] have attracted attention in condensed matter physics. 5) The heavy-electron metal β-YbAlB 4 has recently attracted great interest since the unconventional quantum criticality, such as the magnetic susceptibility χ ∼ T −0.5 , the electronic specific-heat coefficient C e /T ∼ − log T , and approximately T -linear resistivity, has been observed at low temperatures at least below 3 K down to a few hundred mK. 6, 7) Interestingly, from the magnetization data for T < ∼ 3 K and the magnetic field B < ∼ 2 T, in β-YbAlB 4 it has been discovered that the magnetic susceptibility χ shows the following T/B scaling behavior over four decades of T/B:
where µ B and k B are the Bohr magneton and Boltzmann constant, respectively, and ϕ is the function ϕ(x) = Λ(Γ 2 + x 2 ) 1/4 with Λ and Γ being constants. 7) Namely, χ −1 /(µ B B) 1/2 is expressed as a single scaling function of the ratio T/B.
This striking behavior of Eq. (1) calls for theoretical explanation, and it has so far been proposed that anisotropic hybridization between f and conduction electrons is the key origin of the emergence of T/B scaling. 8) However, this theory requires an assumption that the renormalized f level is pinned at the hybridized band edge, and it also seems unclear whether the unconventional criticality observed in C e /T and the resistivity can be explained by the anisotropic hybridization.
Recently, it has been shown theoretically that a new type of quantum criticality emerges near the quantum critical point (QCP) of the first-order valence transition in Yb-and Cebased heavy-electron systems. 9) Critical valence fluctuations of Yb or Ce cause the quantum criticality in physical quantities such as χ, C e /T , resistivity, and the NMR/NQR relaxation rate (T 1 T ) −1 , which give a unified explanation for the measured unconventional criticality in β-YbAlB 4 . 9, 10) Hence, it is interesting to examine whether the critical Yb-valence fluctuation can account for the T/B scaling observed in β-YbAlB 4 .
In this Letter, we show that the T/B scaling can be understood from the viewpoint of the quantum valence criticality. By developing a theoretical framework for the quantum critical phenomena of Yb-valence fluctuations under a magnetic field, we show that the T/B scaling emerges near the QCP of the valence transition. We demonstrate that the emergence of the T/B scaling is a hallmark of the presence of the small characteristic energy scale of the critical Yb-valence fluctuations.
We employ the theoretical framework developed in Ref. 9 , whose formulation is extended so as to describe the effect of a magnetic field. Hereafter, we take the energy units of k B = 1, = 1, and µ B = 1 unless otherwise noted. We consider the simplest minimal model
as the starting Hamiltonian, where
To discuss the quantum critical phenomena of Yb-(and Ce-) valence fluctuations, first we take into account the local correlation effect by the U term, which is the strongest interaction in Eq. (2) responsible for the realization of the heavy-electron state. Then perturbative expansion with respect to the U fc term is performed. To perform the procedure, we employ the slave-boson large-N expansion method. 11) Here we set the orbital degeneracy N = 2 to discuss β-YbAlB 4 , where the Kramers-doublet ground state is realized. Hence, σ =↑, ↓ in Eq. (2) should be regarded as the effective "spin" index that specifies the Kramers doublet.
The slave-boson operator b i is introduced to eliminate the doubly occupied state for U → ∞ under the constraint σ n 
where the abbreviationq ≡ (q, iω l ) with ω l = 2lπT is used. Since the long wavelength around q = 0 and the low-frequency regions play dominant roles in the critical phenomena, Ω iσ for i = 2, 3, and 4 are expanded for q and ω l around (0, 0):
, hereafter we use the approximated form η 0σ ≈ U fc 1 − U fc χ ffcc 0σ (0, 0) for simplicity of calculation. For Ω 3σ and Ω 4σ , expansion up to the zeroth order is performed as
and Ω 4σ (q 1 ,q 2 ,q 3 ,q 4 ) ≈ v 4σ /(βN s ), respectively. The mode-coupling constant v 4σ is derived 
Here, χ vσ (q, iω l ) is the valence susceptibility defined as
where the notation follows in Ref. 9 . Under the optimal condition
, and T Aσ = 
respectively, where C 1σ and C 2σ are constants given by 2 , respectively. Note that in the zero-field case, h = 0, Eq. (6) is reduced to the simple form
with y 0 = y 0σ , y 1 = y 1σ , and t = T/T 0 , where
, which reproduces Eq. (6) in Ref. 9 .
It is noted that at the QCP of the valence transition, the magnetic susceptibility diverges, whose singularity is the same as the valence susceptibility χ ∝ χ v (0, 0) ∝ y −1 since the main contribution to χ and χ v comes from the common many-body effects caused by U fc , which can be expressed by the common Feynman diagrams near the QCP.
9)
In this Letter, we demonstrate that the T/B scaling behavior appears when the characteristic temperature of critical valence fluctuations T 0 is smaller than (or at least comparable to) the measured lowest temperature. Hence, we here set the coefficient A σ in Eq. (5) as a small input parameter to discuss the effect of a small T 0 on physical quantities. The procedure of our calculation is summarized as follows. First, we solve the saddle-point solution for exp(−S 0 )
at T = 0 for given parameters of ε f , V k , U = ∞, and h at the filling n ≡ Then we obtain η 0σ and v 4σ for a given U fc . Third, by using y 0σ and y 1σ obtained from Eqs. (7) and (8), respectively, we solve the valence SCR
equation [Eq. (6)] and finally obtain y(t).
We note that the crystalline electronic field (CEF) ground state of β-YbAlB 4 has been suggested to be the Kramers doublet, which is well separated from the excited CEF levels. 6, 13) Since the analysis of the CEF-level scheme, which well reproduces the anisotropy of the magnetic susceptibility, deduces that a hybridization node exists along the c-axis in β-YbAlB 4 , [13] [14] [15] we employ the anisotropic hybridization in the form of The results are shown in Fig. 2 . Intriguingly, we find that all the data over four decades of the magnetic field fall down to a single scaling function of the ratio T/h:
The least-squares fit of the scaling function ϕ(x) = ax 1/2 to the data for 10
shows that the data are well fitted by the dashed line in Fig. 2 . Namely,
i.e., y ≈ T 1/2 . This implies that the quantum criticality of Yb-valence fluctuations is dominant, giving rise to the non-Fermi liquid regime. 9) This behavior coincides with the measured scaling function Eq. (1) for x = T/h ≫ Γ. It is noted that as x decreases the data tend to 
We see that most terms can be expressed in the form of (11), however, it turns out that in the case of t σ /ỹ σ ≫ 1, the denominators of the integrands become large, which make the x-integrations negligibly small. We confirmed that this is the case when T 0 is below (or at least comparable to) the measured lowest temperature.
In the present calculation, we set T 0 = 3.0 × 10 −6 and the lowest temperature for the data in To verify the existence of such a small T 0 experimentally, the measurement of the dynamical valence susceptibility χ v (q, ω) is desirable as a direct observation. Mössbauer measurement and ESR measurement also seem to be possible probes to detect T 0 , 19, 20) of T for a fixed B. From these circumstances, it seems to be appropriate to consider that
≫ Γ regime in Eq. (1), derived from the experimental data for the wide T and B range is a substantial scaling function.
Theoretically, as shown in Ref. 21 , the location of the QCP in the ground-state phase diagram in the ε f -U fc plane is moved by applying h. If the system is located in the vicinity of the QCP at h = 0, applying h moves the system away from the QCP, which causes the marked suppression of χ at large h. In this Letter, we discussed the h-dependence of χ through the h-dependence of η 0σ and v 4σ with the QCP being unmoved for simplicity of analysis. Taking account of this effect is expected to make the crossover T/h between the Fermi liquid and non-Fermi liquid regimes shift to the larger-T/h direction in Fig. 2 , which is an interesting future study for quantitative analysis.
We note that in the present theory the key origin of the emergence of the T/B scaling is not the anisotropic hybridization but the quantum valence criticality. In the present calculation, the renormalized f level is not located at the band edge as expected in the general (and natural) situation for heavy-electron state. Namely, in our framework, even without the pinning of the f-level, i.e., the fine tuning of the f-level position, the T/B scaling behavior can emerge, which is in sharp contrast to Ref. 8.
We also note that the T/B scaling does not hold exactly as discussed below Eq. (11). When T 0 is comparable to the middle-T range applied to the scaling plot of the data, the deviation from the single scaling function shown in Fig. 2 In summary, we have shown that the T/B scaling together with the unconventional quantum criticality observed in β-YbAlB 4 can be understood from the viewpoint of the quantum valence criticality in a unified way.
